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Abstract
In this contribution, we discuss the He-McKellar-Wilkens effect and the Scalar Aharonov-Bohm
effect for neutral particles based on the Lorentz symmetry violation background, by showing that
the background of the Lorentz symmetry violation yields abelian quantum phases for a neutral
particle. We also study the nonrelativistic bound states for a neutral particle interacting with
a Coulomb-like potential based on the Lorentz symmetry violation background given by a fixed
vector field parallel to the radial direction.
PACS numbers: 03.65.Vf, 03.65.Ge, 11.30.Cp
Keywords: He-McKellar-Wilkens effect, Scalar Aharonov-Bohm effect, Anandan quantum phase, geometric
phases, Lorentz symmetry violation
∗Electronic address: kbakke@fisica.ufpb.br
1
I. INTRODUCTION
In recent decades, the He-McKellar-Wilkens effect [1, 2] and the Scalar Aharonov-Bohm
effect for neutral particles [3–5] have attracted a great deal of attention in studies of quan-
tum effects that deal with geometric phases [6]. Geometric quantum phases is the term
denominated by Berry [7] to describe the phase shift acquired by the wave function of a par-
ticle during an adiabatic quantum evolution in a closed path. Geometric phases have been
extended to non-adiabatic quantum evolutions in a closed path by Aharonov and Anandan
in [8], which is called the Aharonov-Anandan quantum phase. Well-known quantum effects
related to geometric phases, corresponding to particular cases of the Aharonov-Anandan
quantum phase [8], are the Aharonov-Bohm effect [9], the dual Aharonov-Bohm effect [10],
the Scalar Aharonov-Bohm effect [11], the Aharonov-Casher effect [12], the Mashhoon effect
[13], the He-McKellar-Wilkens effect [1, 2], and the Scalar Aharonov-Bohm effect for neutral
particles [3–5]. In particular, the He-McKellar-Wilkens effect and the Scalar Aharonov-Bohm
effect for neutral particles have been studied in noncommutative quantum mechanics [14],
in the presence of topological defects [15–17], and in holonomic quantum computation [18].
More discussions about quantum phases for electric dipole moment can be found in [19–27],
and the experimental setup to reproduce the field configuration of the He-McKellar-Wilkens
effect can be found in [28–31]. Furthermore, the extension of the study of the quantum
dynamics of a neutral particle with a permanent electric dipole moment has been made for
bound states, where the Landau quantization was proposed in [32] based on the He-McKellar-
Wilkens setup. Thus, the Landau quantization based on the He-McKellar-Wilkens setup has
been studied under the influence of topological defects [33], via noninertial effects [34], and
in the relativistic quantum mechanics [35, 36].
Recently, the Aharonov-Casher effect has been studied in the context of the Lorentz sym-
metry breaking [37–39], and the relativistic Anandan quantum phase based on the Lorentz
symmetry breaking has been discussed in [40]. Discussions about symmetry breaking are
well-known in nonrelativistic quantum systems involving phase transitions such as ferro-
magnetic systems, where the rotation symmetry is broken when the system is under the
influence of a magnetic field. For relativistic systems, the study of symmetry breaking can
be extended by considering a background given by a 4-vector field that breaks the sym-
metry SO (1, 3) instead of the symmetry SO (3). This line of research is known in the
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literature as the spontaneous violation of the Lorentz symmetry [41–43]. This new possibil-
ity of spontaneous violation was first suggested in 1989 in a work of Kostelecky and Samuel
[41]. Kostelecky and Samuel [41] indicated that, in the string field theory, the spontaneous
violation of symmetry by a scalar field could be extended. This extension has as immediate
consequence: a spontaneous breaking of Lorentz symmetry. In the electroweak theory, a
scalar field acquires a nonzero vacuum expectation value which yields mass to gauge bosons
(Higgs Mechanism). Similarly, in the string field theory, this scalar field can be extended to
a tensor field. Nowadays, these theories are encompassed in the framework of the Extended
Standard Model (SME) [44] as a possible extension of the minimal Standard Model of the
fundamental interactions. For instance, the violation of the Lorentz symmetry is imple-
mented in the fermion section of the Extended Standard Model by two CPT-odd terms:
vµψγ
µψ and bµψγ5γ
µψ, where vµ and bµ correspond to the Lorentz-violating backgrounds
[37–39, 45]. The modified Dirac theory has already been examined in the literature [46],
and, in the nonrelativistic limit of the modified Dirac theory, the spectrum of energy of the
hydrogen atom has been discussed in [47, 48]. Hence, there is an extensive amount of work
looking at Lorentz violation, and numerous experimental bounds exist [43]. How does the
interaction introduced here fits within that context? First we note that the description of a
neutral particle immersed in an environment with nonminimal coupling (via Dirac equation)
has been little explored. In this work, we intend to investigate possible measurements of
geometric phases coming from this violation background, out of the proposal of the SME.
We present a new phase that could detect the presence of a background field through in-
terference experiments. Then, we could verify if the Lorentz violation describes neutrino
oscillations, which makes of these measurements sensitive probes of new physics [49]. We
would like to point out that the criterion used in this work to suggest the violation of Lorentz
symmetry is that the gauge symmetry should be preserved. Other studies of the influence
of a symmetry breaking background have been made for bound states for a relativistic neu-
tral particle with an analogue of the permanent magnetic dipole moment in the Lorentz
symmetry violation background [50], and for a charged particle describing a circular path in
presence of a Lorentz-violating background nonminimally coupled to a spinor and a gauge
field [51].
In this paper, we discuss the He-McKellar-Wilkens effect [1, 2] and the Scalar Aharonov-
Bohm effect for neutral particles [3–5] based on the Lorentz symmetry violation background,
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and show that the background of the Lorentz symmetry violation yields a abelian quantum
phases for a neutral particle differing from the non-abelian phases of the He-McKellar-
Wilkens effect [1, 2] and the Scalar Aharonov-Bohm effect for neutral particles [3–5]. More-
over, we study the nonrelativistic bound states for a neutral particle interacting with a
Coulomb-like potential based on the Lorentz symmetry violation background given by a
fixed vector parallel to the plane of motion of the quantum particle. The structure of this
paper is: in section II, we discuss the analogues effects of the He-McKellar-Wilkens effect
[1, 2] and the Scalar Aharonov-Bohm effect for neutral particles [3–5] based on the Lorentz
symmetry violation background; in section III, we consider a fixed vector parallel to the
plane of motion of the quantum particle and discuss the bound states for a neutral particle
in a Coulomb-like potential based on the Lorentz symmetry violation background, in section
IV, we present our conclusions.
II. HE-MCKELLAR-WILKENS EFFECT AND SCALAR AHARONOV-BOHM
EFFECT BASED ON THE LORENTZ SYMMETRY VIOLATION BACKGROUND
In this section, we discuss the Anandan quantum phase, the He-McKellar-Wilkens effect,
and the Scalar Aharonov-Bohm effect for a neutral particle based on the Lorentz symme-
try violation background. We start by introducing a nonminimal coupling into the Dirac
equation given by
iγµ∂µ → iγ
µ∂µ − g b
µ Fµν (x) γ
ν , (1)
where g is a constant, bµ corresponds to a fixed 4-vector that acts on a vector field break-
ing the Lorentz symmetry violation, the tensor Fµν (x) corresponds to the electromagnetic
tensor, whose components are F0i = −Fi0 = −Ei, and Fij = −Fji = ǫijkB
k. This coupling
follows a different proposal of SMS [37–39, 45]. The novelty is that instead of using the dual
electromagnetic tensor, we put the own field strength tensor. The γµ matrices are defined
in the Minkowski spacetime in the form [52]:
γ0 = βˆ =

 1 0
0 −1

 ; γi = βˆ αˆi =

 0 σi
−σi 0

 ; Σi =

 σi 0
0 σi

 , (2)
with ~Σ being the spin vector. The matrices σi are the Pauli matrices, and satisfy the relation
(σi σj + σj σi) = 2ηij. Thus, in the Lorentz symmetry violation background described by
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the nonminimal coupling (1), the Dirac equation becomes
i
∂ψ
∂t
= mβˆψ + ~α · ~pψ − g b0~α · ~Eψ − g ~α ·
(
~b× ~B
)
ψ + g~b · ~Eψ. (3)
By observing the nonminimal coupling introduced in Eq. (1), and the Dirac equation
(3), one can observe that this kind of coupling is a new possibility of a Lorentz symmetry
breaking mechanism which opens a new possibility to detect the violation of the Lorentz
symmetry, for instance, through the appearance of geometric phases in the wave function
of a neutral particle. The motivation for studying this type of violation is the fact that a
fundamental theory that incorporates the four fundamental forces of nature, where in the
range of low energy, it appears correcting the standard model with new terms. The Lorentz
violation terms are generated as vacuum expectation values of tensors defined in a high
energy scale. We propose the investigation of nonminimal coupling terms in the context of
Lorentz-violating models involving some fixed background, gauge fields, and fermion fields.
The main purpose is to figure out whether such new couplings are able to induce geometric
quantum phases in the matter sector.
In this work, we are interested in discussing the nonrelativistic behavior of the spin-half
neutral particle in a background of the Lorentz symmetry violation described by (1). We
can obtain the nonrelativistic dynamics of the neutral particle by writing the solution of the
Dirac equation (3) in the form
ψ = e−imt

 φ
χ

 , (4)
where φ and χ are two-spinors, and we consider φ being the “large” component and χ being
the “small” component [52]. Substituting (4) into the Dirac equation (3), we obtain two
coupled equations of φ and χ. The first coupled equation is
i
∂φ
∂t
− g~b · ~Eφ =
[
~σ · ~p− g b0~σ · ~E − g ~σ ·
(
~b× ~B
)]
χ, (5)
while the second coupled equation is
i
∂χ
∂t
− g~b · ~Eφ+ 2mχ =
[
~σ · ~p− g b0~σ · ~E − g ~σ ·
(
~b× ~B
)]
φ. (6)
With χ being the “small” component of the wave function, we can consider |2mχ| >>
∣∣i∂χ
∂t
∣∣,
and |2mχ| >>
∣∣∣g~b · ~Eφ∣∣∣, thus, we can write
χ ≈
1
2m
[
~σ · ~p− g b0~σ · ~E − g ~σ ·
(
~b× ~B
)]
φ. (7)
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Substituting (7) into (5), we obtain the Schro¨dinger-Pauli equation
i
∂φ
∂t
=
1
2m
[
~p− g b0 ~E − g
(
~b× ~B
)]2
φ+ g~b · ~Eφ−
1
2m
~σ · ~Beff φ, (8)
where we have defined an effective magnetic field given by
~Beff = ~∇×
[
g b0 ~E + g
(
~b× ~B
)]
. (9)
By considering a space-like vector given by bµ = (0, 0, 0, b3), we can consider an analogue
of the permanent electric dipole moment of a neutral particle in the form: ~d = g~b =
g (0, 0, b3). Hence, by applying the Dirac phase factor method [53], we can write the wave
function of the neutral particle in the form φ = eiΦ φ0, where φ0 is the solution of the
following equation
i
∂φ0
∂t
= −
1
2m
∇2 φ0 −
1
2m
~σ · ~Beff φ0. (10)
Thus, the Anandan quantum phase [19] for a neutral particle with a permanent electric
dipole moment based on the Lorentz symmetry violation background is given by
ΦA = g
∮ (
~b× ~B
)
µ
dxµ − g
∫ τ
0
~b · ~E dt. (11)
By comparing with the Anandan quantum phase for a neutral particle with a permanent
electric dipole moment given in Ref. [5], we can see that the Anandan quantum phase (11)
differs from that one of Ref. ([5]) because the geometric phase (11) is an abelian quantum
phase, while the geometric phase in [5] is a non-abelian quantum phase. This difference
results from the Lorentz symmetry violation background given by a fixed vector in (11).
An special case occurs when we consider a magnetic field produced by a linear distribution
of magnetic charges on the z-axis. This linear distribution produces a radial magnetic field
given by ~B = λm
ρ
ρˆ, where ρ2 = x2+y2 [1, 2]. In this way, by applying the Dirac phase factor
method [53], we have that ψ0 is the solution of the following equation
i
∂φ0
∂t
= −
1
2m
∇2 φ0, (12)
and the geometric phase acquired by the wave function of the neutral particle is
ΦHMW = g
∮ (
~b× ~B
)
· d~r = 2π gλm b
3, (13)
6
which corresponds to the analogue effect of the He-McKellar-Wilkens effect [1, 2] based on the
violation of the Lorentz symmetry. Note that the analogue of the He-McKellar-Wilkens effect
in (13) is given by an abelian quantum phase, which differs from the non-abelian geometric
phase obtained in [1, 2]. This results from the Lorentz symmetry violation background
given by a fixed vector. Moreover, the abelian geometric phase (13) does not depend on the
velocity of the neutral particle, that is, the geometric phase is nondispersive [54–56] in the
same way of that one of the He-McKellar-Wilkens effect [1, 2].
Another special case of the Anandan quantum phase (11) occurs when we consider a
uniform electric field along the z-axis, ~E = E0zˆ, where E0 is a constant. In this case, by
applying the Dirac phase factor method [53], we have that φ0 remains the solution of the
Eq. (12), but the geometric phase acquired by the wave function of the neutral particle is
ΦSAB = −g
∫ τ
0
~b · ~E dt = −g E0 τ b
3, (14)
which corresponds to the analogue effect of the Scalar Aharonov-Bohm effect for neutral
particles [5] based on the Lorentz symmetry violation background. We can also note that
the analogue of the Scalar Aharonov-Bohm effect for a neutral particle (14) is given by
an abelian quantum phase, and differs from the non-abelian geometric phase obtained in
[5]. Again, the appearance of a abelian geometric phase results from the Lorentz symmetry
violation background given by a fixed vector. However, in the same way of Scalar Aharonov-
Bohm effect for a neutral particle (14), the the abelian geometric phase (14) does not depend
on the velocity of the neutral particle, that is, the geometric phase (14) is also nondispersive
[54–56].
Recently, the Scalar Aharonov-Bohm effect for neutral particles with permanent electric
dipole moment has been obtained in the presence of a disclination, where it has been shown
that one-qubit quantum gates can be implemented based on the quantum holonomies pro-
vided by the non-Abelian geometric phase of the Scalar Aharonov-Bohm effect [18]. However,
the Scalar Aharonov-Bohm effect for neutral particles given in (14) is given by an abelian
quantum phase, which cannot be used in studies of quantum holonomies in the same way of
[18], but this kind of geometric phase should be interesting in studies of quantum evolutions
for abelian anyons [57].
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III. NEUTRAL PARTICLE IN A COULOMB-LIKE POTENTIAL BASED ON
THE LORENTZ SYMMETRY VIOLATION BACKGROUND
In this section, we discuss the arising of bound states in the nonrelativistic quantum
dynamics of a neutral particle from the influence of the Lorentz symmetry violation back-
ground analogous to the Coulomb potential. We begin this section by writing the Dirac
equation in curvilinear coordinates. In curvilinear coordinates, for instance, in cylin-
drical coordinates, the line element of the Minkowski spacetime is writing in the form:
ds2 = −dt2+dρ2+ρ2dϕ2+dz2. Thus, by applying a coordinate transformation ∂
∂xµ
= ∂x¯
ν
∂xµ
∂
∂x¯ν
,
and a unitary transformation on the wave function ψ (x) = U ψ′ (x¯), the Dirac equation can
be written in any orthogonal system in the following form [58]:
i γµDµ ψ +
i
2
3∑
k=1
γk
[
Dk ln
(
h1 h2 h3
hk
)]
ψ = mψ, (15)
where Dµ =
1
hµ
∂µ is the derivative of the corresponding coordinate system, and the param-
eter hk correspond to the scale factors of this coordinate system. For instance, in cylindrical
coordinates, the scale factors are h0 = 1, h1 = 1, h2 = ρ, and h3 = 1. In this way, the
second term in (15) gives rise to a term called the spinorial connection [36, 40, 50, 58–60].
By introducing the nonminimal coupling (1), the Dirac equation (15) becomes
i γµDµ ψ +
i
2
3∑
k=1
γk
[
Dk ln
(
h1 h2 h3
hk
)]
ψ − g bµ Fµν (x) γ
ν = mψ. (16)
Thus, following the same steps from Eq. (4) to (8) to obtain the nonrelativistic limit of the
Dirac equation (15), thus, the Schro¨dinger-Pauli equation becomes
i
∂φ
∂t
=
1
2m
[
~p− i~ξ − g b0 ~E − g
(
~b× ~B
)]2
φ+ g~b · ~Eφ−
1
2m
~σ · ~Beff φ, (17)
where we have defined the vector ~ξ in such a way that its components are −iξi =
1
4
ωiab (x) Σ
ab. Note that, the vector ~ξ in (17) corresponds to the contribution from the
spinorial connection [40, 50]. We should take into account that there is no contribution to
the geometric phases obtained in the last section from the spinorial connection, thus, for
this reason, we have not included this term into the Dirac equation (3).
Now, we consider an electric field produced by a linear distribution of electric charges
on the z-axis ~E = λ
ρ
ρˆ (with λ being a linear electric charge density, and ρ =
√
x2 + y2),
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and a space-like vector field given by ~b = b ρˆ, where b is a constant and ρˆ is a unit vector
on the radial direction. This electric field configuration describes a possible scenario for a
measurement of the Lorentz violation. Thus, we have
~b · ~E =
bλ
ρ
, (18)
Note that we have chosen a space-like vector field ~b in (18) that differs from the choice made
in the previous section in the study of geometric phases. We also note that this choice of
the external field and the fixed vector makes that ~Beff = 0. Hence, the Schro¨dinger-Pauli
equation (17) becomes
i
∂φ
∂t
= −
1
2m
[
∂2φ
∂ρ2
+
1
ρ
∂φ
∂ρ
+
1
ρ2
∂2φ
∂ϕ2
+
∂2φ
∂z2
]
+
1
2m
iσ3
ρ2
∂φ
∂ϕ
+
1
8mρ2
φ+
gbλ
ρ
φ. (19)
We can note that φ is an eigenfunction of σ3, whose eigenvalues are s = ±1. Thus, we
can write σ3φs = ±φs = sφs. Since the operators Jˆz = −i∂ϕ [65] and pˆz = −i∂z commute
with the Hamiltonian of the right-hand side of (19), we can take the solutions of (19) in the
form:
φs = e
−iEt ei(l+
1
2
)ϕ eikz

 R+ (ρ)
R− (ρ)

 , (20)
where l = 0,±1,±2, . . . and k is a constant. Substituting the solution (20) into the
Schro¨dinger-Pauli equation (19), we obtain two non-coupled equations for R+ and R−. After
some calculations, we can write the noncoupled equations for R+ and R− in the following
compact form:
R′′s +
1
ρ
R′s −
ζ2s
ρ2
Rs +
δ
ρ
Rs + κ
2Rs = 0, (21)
with σ3Rs = ±Rs = sRs, and where we have defined the following parameters:
ζ± = ζs = l +
1
2
(1− s) ;
κ2 = 2mE − k2; (22)
δ = 2mgbλ.
Let us observe the asymptotic behavior of Eq. (21). When ρ→∞, we have
d2Rs
dρ2
+ κ2Rs = 0, (23)
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thus, we can find either scattering states Rs ∼= e
iκρ, or if we consider κ2 = −τ 2, we can find
bound states, where Rs ∼= e
−τρ [61, 62]. In this work, we are interested in obtaining the
energy levels of bound states, thus, we rewrite the second order differential equation (21) as
R′′s +
1
ρ
R′s −
ζ2s
ρ2
Rs +
δ
ρ
Rs − τ
2Rs = 0. (24)
In the following, we make a change of variables given by η = 2τρ, and rewrite (24) in the
form:
R′′s +
1
η
R′s −
ζ2s
η2
Rs +
δ
2τη
Rs −
1
4
Rs = 0. (25)
In order to get a regular solution at the origin, thus, the solution of the second order
differential equation (25) is given by
Rs (η) = e
− η
2 η|ζs| Fs (η) . (26)
Thus, substituting the solution (26) into the second order differential equation (25), we
obtain that the function Fs (η) is a solution of the differential equation:
η F ′′s + [2 |ζs|+ 1− η]F
′
s +
[
δ
2τ
− |ζs| −
1
2
]
Fs = 0. (27)
The second order differential equation (27) is known in the literature as the confluent
hypergeometric equation or the Kummer equation [63]. One of the solutions of (27) is called
the Kummer function of first kind, which is given by Fs (η) = F
[
|ζs|+
1
2
− δ
2τ
, 2 |ζs|+ 1, η
]
[63]. In order to obtain a regular solution of the second order differential equation (27) at
the origin, we must impose the condition where the confluent hypergeometric series becomes
a polynomial of degree n (where n = 0, 1, 2, . . .). This occurs when
|ζs|+
1
2
−
δ
2τ
= −n. (28)
This condition makes the radial wave function of the neutral particle to be finite everywhere
[64]. Thus, substituting the parameters defined in (23), with τ 2 = 2mE − k2, we obtain
En, l =
2m (gbλ)2[
n + |ζs|+
1
2
]2 + k
2
2m
. (29)
Hence, the expression (29) corresponds to the energy levels of the bound states in the
nonrelativistic quantum dynamics of a neutral particle which arises from a Coulomb-like
potential based on the Lorentz symmetry violation background, that is, based on the in-
teraction of a fixed vector parallel to plane of motion of the neutral particle and a radial
electric field produced by a linear distribution of electric charges on the z-axis.
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IV. CONCLUSIONS
We have discussed the Anandan quantum phase, the He-McKellar-Wilkens effect, the
Scalar Aharonov-Bohm effect, and the interaction between a neutral particle with a
Coulomb-like potential based on the Lorentz symmetry violation background. This study
has been made by introducing a nonminimal coupling into the Dirac equation, and followed
by the procedure in taking the nonrelativistic limit of the Dirac equation. Thus, by consid-
ering a Lorentz symmetry violation background given by a space-like vector bµ = (0, 0, 0, b3),
we have assumed an analogue of the permanent electric dipole moment of a neutral particle
given by ~d = g~b = g (0, 0, b3), and obtained the general form for the geometric quantum
phase for a neutral particle which is called the Anandan quantum phase. As a special case
of the Anandan quantum phase, we have considered the interaction between this analogue
of the permanent electric dipole moment with a radial magnetic field produced by a linear
distribution of magnetic charges, and as a result of this interaction, we have obtained the
analogue effect of the He-McKellar-Wilkens effect based on the Lorentz symmetry violation.
Another special case of the Anandan quantum phase has been obtained by considering the
interaction between a uniform electric field along the z direction with the analogue of the
permanent electric dipole moment. This interaction gives rise to the the Scalar Aharonov-
Bohm effect for neutral particles based on the Lorentz symmetry violation background.
Finally, we have discussed the quantum dynamics of a neutral particle under the influence
of a radial electric field produced by a linear distribution of electric charges on the z direction
based on the Lorentz symmetry violation background given by a space-like vector being
parallel to the radial direction. We have seen that the term g~b · ~E of the Schro¨dinger-Pauli
equation (17) gives rise to a Coulomb-like potential, where the nonrelativistic energy levels
of the bound states depend on the linear charge density, and the parameter associated to
the Lorentz symmetry violation background. We should note that the problem of detecting
such a violation at low energies is that the expected value in terms of vacuum is weak.
Thus, what has been done is to establish limits of energy in which there cannot be seen this
breaking [37–39].
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